Lecture 03
EN4562 Autonomous Systems
IMU Theory

&

&

Plaerc
Prof. Rohan Munasinghe
Department of Electronic and Telecommunication Engineering

Faculty of Engineering
University of Moratuwa 10400

IMU Theory: Earth and Body Frames
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Inertial Measurement

Sensors

» Measure orientation of {B}
with respect to {E}

» Order: y (zz axis-yaw),
0(yg axis-pitch) and ¢ (xg
axis-roll)

 Orientation of {B} with
respect to {E} is given by
»R=Rot.(y)Rot,(0)Rot,(§)

y

zb o

E cosfcosy singsinfcosy —cos¢gsiny  cosgsinfcosy +singsiny
BR: cos@siny singsinfsiny +cosgcosy cosgsinfsiny —singcosy

—sin@ singcosd cos¢cosd
I'exe I'sye I'eze
Rotation matrix, Direction Cosine Matrix (DCM) B Ep-1 BpT
pR=pR"=4R

Body (sensor) Frame and Earth Frame

* Qg = Sensor reading (acceleration, velocities ..)
* Qg = Reading (vehicle motion) w.r.t. Earth (reference frame)

“0=iR "0
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Order of Rotation is Important Small Orientation Change

Eg: » Let's consider the Rotation matrix of {B} w.r.t. {A} with yaw,

pitch and roll
— A plane pitches by 90° and then rolls by 90°

Plane is flying vertically upwards cosfcosy singsinfcosy —cos¢gsiny  cosgsinfcosy +singsiny
— A plane rolls by 90° and then pitches by 90°

E
B R =| cosfsiny singsin@siny +cosgcosy cos@sin@siny —singcosy
Plane is moving horizontally

—sinf singcos@ cosgcosf
I'exe I'sye I'sze
» Compound Rotation (multiple frames, relative and reference)

* Class Ex: Determine the incremental update rotation matrix
A ApBp C
pR=R-R,R

© due to a slight orientation change in YPR (dw,d6,d¢)"
" Answer
/<. {8} 1 —-dy dé
é; | dy 1 —d¢
‘D}\(s —do dp 1 7
7
Scalar and Vector Product Incremental Orientation Update
Using Gyro Sensors

" Soalar (AT Praduct = * Class Ex: No rite the orientation update from R(t) to

A-B=A"B= [A.\- A, A.—] B, |=A4B,+AB, +A4B, R(t+o) X. Now wri ' lon up

B_'

A-B= ‘AHB‘ ' COS(GAS) 1 _dy  do
« Vector (cross) Product sR(t+dH=5R(©) dy 1 —d¢

— Components cross product operator —-do d¢ 1
(AxB),=4,B.—A.B, |4xB=Q B dy = w,dt
(AxB), = 4.B,— 4B, 1 -4 A4, || B, where dO = w,dt and di~At<20ms
(AxB),=AB -4 B, |1*B=| 4 1 -4|B, dp = wdt

o ~4, 4, 1 |B.
AxB=-BxA 6 8
8



Orientation Update with Gyro
Readings

» About 50Hz update rate is required to keep the higher order
terms negligible (we have used first order approximation)

» Update involves 27 multiplications and 18 additions, could
be implemented on a processor that provides HW support
for matrix multiplication

* A typical time step is around 20ms, during which an aircraft
rotating at around 60° per second rotates approximately
0.020 radians, which translates to a maximum change in
any of the R matrix coefficients of around 2%. Thus, the
second order terms that are being ignored are on the order
of 0.02% 0

Orientation Update with Gyro
Readings

+ Tests and simulations have shown that gyro based
incremental orientation update yields accurate results with
low drift, on the order of a few degrees per minute.

» Gyro drift, offset, and numerical errors accumulate slowly
enough that it is possible to be ahead of it.
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Preserving Orthogonality of R Matrix

» Three column vectors of R have to be orthogonal at all times.
* Numerical errors make column vectors non-orthogonal

* Numerical errors accumulate slowly, thus, need to be
corrected periodically.

* Renormalization
= Correct the Matrix for orthogonality and normality

Tpere  Voyex  Thex
Ep _
B R= erEy y ByEy rBzEy

erEz rByEz rBzEz

Ep _
BR_[erE Tpe rBzE]
1
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Preserving Orthogonality of R Matrix

* Scalar product (7"gy- rByE) indicates how much the two unit
vectors are non-orthogonal to each other
» The non-orthogonal error between x and y vectors of R

rByEx
Vool e =Fp by =[Fp ¥y ¥y || F
BxE " " ByE BxE" ByE BxEx " BxEy " BxEz ByEy

TyE-

If the error is O,
the two vectors
are orthogonal

eny = erExrByEx + erEyrByEy + erEeryEz

» The adjusted orthogonal vectors by cross-coupling

o _ _ . .
Vgee = Vg O'SenyrByE Homework: use two arbitrary vectors
nearly orthogonal and implement t%s
o —_— — .
Far = g —0.5€p, 75, cOrrection procedure

12
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Preserving Orthogonality of R Matrix

» Apportioning half error to each vector reduces the
nonorthogonal error significantly under the condition that
both vectors have nearly unit magnitude.

* The remaining vector °7'5_, of the R matrix is derived by
cross product of the two orthogonal vectors as follows:

Or :0r

o
BzE BxE x0T

ByE

+ After orthogonaity, renormalization is required to adjust
vector magnitudes to unity (Renormalization)

13

Preserving Orthogonality of R Matrix

» Class Ex: Propose a method to adjust the magnitude of
column vectors of R to unity

Answer: divide each element of each row by the square
root of the sums of the squares of the elements in that row.

However, there is an easier way to do that, by recognizing
that the magnitudes will never be much different than one,
S0 we can use Taylor’'s expansion

14

15
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Renormalization of R Matrix

» Using Taylor expansion, orthogonal vectors can be
adjusted towards unit vectors as follows

no _ 0 0 0
T = 0.5G="755 4 15 ) T

no _ 0 0 0
Tpyp = 0.5(3— Tppe rByE) Tpp

no _ o o o
Vop =0.508="Tpp o V5.6 ) Vi

» This approximation doesn’t have square root and division
involved: can be computed quickly.

+ Finally, renormalized, orthogonal Rotation Matrix is
updated as follows:

ER(+dt) = [y (t+dt) "ry (e dl) r(t+dD)]

15

Gyro Drift

» MEMS gyro sensors show a continuous drift at a rate of a
few degrees per second. Thus, drift cancellation is critically
important.

* An orientation reference (GPS? Accelerometer?,
magnetometer?), that does not drift should be used to
continuously compensate the reading for gyro drift.

Class Quiz: Guess what are those potential reference signals
» Magnetometers are useful for copters that hover.
* GPS will be useful for aircrafts.

» Accelerometers will provide a reference vector for the Z
axis
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Gyro Drift Correction

Method

» Cross product of a reference direction vector with the
corresponding vector in R matrix (DCM), indicates the error.
This error can be fed back through a correcting filter so that
DCM vector could track the reference vector.

» Cross product tells the angle and axis of rotation needed to
bring DCM vector to coincide with the Ref vector

17

Gyro Yaw Drift and GPS Track Ref

» GPS track provides yaw direction (heading) on the ground,
thus, could be used as a Reference.

IMU
(DCM)

"op, (t+di)

1

1

1

1

| DCM estimated

1 vector projected onto
' the horizontal
1 frame

1

1

1

I

1

1

1
\ GPS ground

course

» For this reference to be useful, GPS must move. When the
vehicle is not moving (hovering UAV). This method is useless

18
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Gyro Yaw Drift and GPS track Ref

CoG : Course over
Ground 0

Weps IS given by the Xt
GPS CoG

COSY gps W
Feog = | SMYgpg

0

(xb yb zb) body frame

(xe ye ze) earth frame

19

Gyro Yaw Drift and GPS track Ref

« Yaw Correction vector

Two vectors are
on x-y plane of {E}

TlOr
BxAx cos Ygps
no .
Texay | X |sinygps
0

no.
€yaw = Texa X TcoG

|noerA||rCoG| sin( eyaw)éyaw =

no
unit] TBxaz
no no
vector 0 — TBxaz TxAy | [cos Yeps
. ~ _ no no ;
sin( eyaw)€yaw = TBxEz 0 = Toxax||sinYgps
no no
—  TBxEy TBxA 0 0

no. ~
Tgxaz COS Yeps = 0
sin( e _no no :
(eyaw) Txay COSYeps + ' Tpxax SiNYeps

[ ~0 ] [ —"Tpxaz SiNPgps = 0
~0 =

Resulting vector is
along z axis of {E}

20

20
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Gyro Yaw Drift and GPS track Ref

* Yaw correction angle

: __no no
Sln(eyaw) == Tty COSYW opst gy, COSY g
P | no no
€, = SIN ="r, By COSW gpgt Ty, COS Wps)

21

Correction of Gyro Yaw Drift

« To correct yaw drift error, estimated yaw vector "r _, of ";R

has to be rotated about its own z-axis "r;_, by the yaw error
angle

Correction can better be implemented as a Pl filter which
takes not only the instantaneous error angle, but any
accumulated error in recent times and gradually reach a
zero-error alignment of the heading estimate with the GPS
ground course

*

«
eyaw — Pl eyaw g Rz (eyaw

» The yaw drift corrected estimate is given by

ll)nogR = nogR R, (e;aw) Slight rotation about Z axis of the body frame

22
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Correction of Gyro Yaw Drift

» Set the proportional gain significantly high to reduce the
error quickly.

Class Quiz: Under what conditions could this compensation
be incorrect?

Answer: It is assumed that the vehicle is moving in the
direction it is pointing (xz). In aircrafts, this assumption can be
violated due to cross-wind.

23

Gyro Roll-Pitch Drift Correction

» Using Accelerometers: single axis, three axes
» Accelerometer outputs pure gravity vector (direct orientation

24

measurement) when the sensor(vehicle) is not accelerating.
When the vehicle accelerates/decelerates it outputs
gravity+acceleration as three components w.r.t. the body
frame.

» Assumption: Vehicle does not accelerate/decelerate in

forward direction. When it does, it last only briefly with one
exception where the vehicle takes long turns that generate
lasting lateral accelerations- centrifugal acceleration A,

» Accelerometer output = Gravity + Centrifugal

acceleration w.r.t Body (sensor) frame in NED
B _B_ B
Asen - g+ Acen

24
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Gyro Roll-Pitch Drift Correction Gyro Roll-Pitch Drift Correction

using Accelerometers o e

» With respect to body frame assuming zero error gyro o/p
Note: Centrifugal acceleration = v2/r=rw?=wv

B _ B B Forward speed
Acen - a)gyro v
B B B B
0 a)Z gyro a)ygym v y b
_ B B -
- zgyro 0 - a)xgwo 0 X ybe
B B
- ygyro a)xgym 0 0
0
_ B B
- zgyro v
B B
- yea¥ v
e 3 Roll-Pjtch
% Drift > \
zb ‘
25 27
Gravity Vector Estimate from Roll and Pitch of {B} from Gravity
Accelerometer Output Vector
bg = A4, —Bcogymva « Roll angle using accelerometer [ s,
| » 0 readings ¥, =COS
Gravity vector xsen g
— B B .
= | Ayen |7 O V » Roll angle from the R matrix @, = Atan 2("7,,..," 75.;.)
_B B Ref Appendi
| ““zsen wygym v sllasiLas
B B * Roll error (using accelerometer) €. =@, — @,
g, A This is Gravity as Pe—
B B B [ no no no ppendix
g, | = A},Sen— @y, V| SN from t_he T pbx TgyEx TPpepx
B B B bOdy coordinate noER _ | no no no
8. | Aot Oy V| frame B N= Ty Tey Ty
no no no
[cos@cosy  singsinfcosy —cosgsiny  cosgsindcosy + sin gsiny
B _2,B 2 B _2
A &t g},-i- g, =g=9.81 ” LfR: cos@siny  singsin @siny +cos@cosy cos¢sin€sinu/—sin¢cozsgy/
| —sind (sin gcos@ cosgcosf )
26 28



Pitch Error {B} from Gravity Vector

« Pitch angle from accelerometer 0. = 1[ ngJ
. e =COS | —=
readings g

+ Pitch angle from the R matrix (Gyro)
Or = Atan2 (—"Tgxgz "*TryEz/SIn §)
» Pitch angle error Ref Appendix

e@Acc = eAcc - 9R

M o no no Appendix
VpeEx TgyEx Tp-x

m)ER _| no no no
=\ Ty TgyEy Tp-y

no no no
L TBee= Vpye- Vpoe:

[cos@cosy  singsin@cosy —cos@siny  cosg@sin @cosy +sin gsiny
§R= cos@siny  singsin @siny +cos@cosy cosgbsinﬁsinyf—singﬁcozsgw
[Asiné? sin¢c059] cosgcosf

Roll and Pitch Correction Using
Accelerometer

» To correct pitch error, rotate estimated {B} by pitch error
angle about 2x axis

* *
e@Acc > Pl 3 e@Acc R y (eHA(fc )

Slight rotation about Y axis HnogR = MoER Ry(egacc)

» To correct roll error, rotate {B} by the error angle about 2y
axis

e

* *
@Acc > Pl > e(pAcc > Rx (e(pAcc)

. . q E
Slight rotation about X axis IImoBR = "OER Rx(e:;;Acc) %

30
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Attitude Estimation by Sensor
Fusion

Gyro nok
s R

nOgR RZ(e‘:;JGPS) Ry(eéACC) Rx(e;bAcc)

Sl €.ors —| P — e:,GPS—> R, (e;GPS) — R, (e:,GPS)

* * *
€g4cc — PID —> Cotcc —> Ry (eHA(:c) _>Ry (eHAL'c)

ACC

e(pAcc —> PID —> e(pAcc - Rx (e;A(:c) _>Rx (e;AL'c)

31

Class quiz: Could it be possible to use an accelerometer for
direct orientation measurement?

Answer: No. The main reason is that they measure a
combination of acceleration and gravity. If they measure only
gravity, they would be perfect roll-pitch indicators. But they
measure acceleration too, and that can cause trouble if used
as roll-pitch indicators.

32
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